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Abstract. If (V, 0) is an isolated complete intersection singularity and X a 
holomorphic vector field tangent to V one can define an index of X, the so 
called GSV index, which generalizes the Poincare-Hopf index. We prove that 
the GSV index coincides with the dimension of a certain cxplicitely constructed 
vector space, if X is deformable in a certain sense and V is a curve. We also 
give a sufficient algebraic criterion for X to be deformable in this way. If one 
considers the real analytic case one can also define an index of X which is called 
the real GSV index. Under the condition that X has the deformation property, 
we prove a signature formula for the index generalizing the Eisenbud-Levine 
Theorem. 



1. Introduction 

1.1. Classical results. Assume that the continuous map germ g : (W 1 , 0) — > (M™, 0) 
defines an isolated zero. Then the map 

5/1 Ml : Ss" 1 of spheres around the 

origin has a degree, the so called Poincare-Hopf index indij™,o(g) of g. If g is ana- 
lytic one has algebraic interpretations of this index, that we first want to describe. 
If g: (C™,0) — > (C'\0) is holomorphic let Q g be the algebra obtained by factoring 
^C",o by the ideal generated by the components of g. One has 

Theorem 1.1 (jSHSEHl)- 

ind C ",o(5) = dim c Qg- 

Here we have made the identification C™ = E, 2n of course. Now let <?]8»,o be the 
ring of real analytic function germs on (1R™,0) and further g: (]R n ,0) — * (11™, 0) be 
finite and real analytic, in the sense that Q g is finite dimensional as M-vector space 
and where Q g is the algebra obtained by factoring (Sk^o with the ideal generated 
by the components of g in this case. If one denotes by J g the determinant of the 
Jacobian of g one has the following famous theorem: 

Theorem 1.2 (Eisenbud-Levine). Let I: Q g ->E be a linear form with l(J g ) > 0. 
Then 

indffi^oCg) = signature <, >; . 
Here <, >/ is the induced bilinear form defined by < hi, hi >;:= l(h\ ■ hi). 

1.2. Generalization to complete intersections. Now let (V, 0) := ({/i = • ■ • = 
f q = 0},0) C (C n ,0) be an isolated singularity of a complete intersection (ICIS) 
and X := J27=i ^ e the germ of a holomorphic vector field on (C™, 0) tangent 
to V, say Xf — Cf with an isolated zero on V. In this situation one can also 
define an index indv,o(-^) ; called the (complex) GSV index, see [AS VI IBTT1 fGSV . 
and it is the Poincare-Hopf index when V is smooth. The definition of the index is 
as follows: 
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Choose a sufficiently small sphere Sg around the origin in C™ which intersects V 
transversally and consider the link K = V n Ss of V. The vectors X, V/i, . . . , V/ g 
are linearly independent for all points of K and we have a well defined map 

(X,Vh,...,Vf q ):K^W q+1 (<C n ) 

where W g +i(C n ) denotes the manifold of (q + l)-frames in <D" and we consider the 
complex gradients of course. We have 

H 2n _ 2q -i(K) £* Z, H 2n ^ 1 (W q+1 {C n )) = Z 

and therefore the map has a degree. We let K to be oriented as boundary of the 
complex manifold V \ {0} here. The index indy i o(^) of X is defined to be the 
degree of this map. (If V is a curve K can have more components, we will sum over 
the degrees of the components then.) 

We now want to formulate our main theorems. We need a definition first. 

Definition 1.3. X is called a good vector field (wrt. V), if there is a holomorphic 
deformation X t of X, so that for all t € C 9 sufficiently close to zero X t is tangent 
to the i-fibre Vt of /. X t is called a good deformation of X. 

We will prove a sufficient criterion for a vector field to be good, which states 
that X is good whenever all coefficients of the matrix C are contained in the ideal 
generated by the maximal minors of the Jacobian of / in ^c n ,o- It follows from the 
definition of the index that it equals the sum of the indices of a good deformation 
on a smooth fibre. 

After a linear generic change of coordinates one can assume that (/i, . . . , f q , X\, . . . X n — q ) 
is a regular £?c",o-sequence, see |LSS| . and we always assume the coordinates to be 
chosen in this way in this article. Let 3§ := ^c*,o/(/i, ■■•,/<?, Xi, ■ ■ ■ , X n - q ). Due 
to the chosen coordinates 88$ is finite dimensional as complex vector space. We 
also set : = ^o/ ann^ (DF), where 

DF := dct ( JMlmuM ) . 

\d(z n - q+ i, . . . , z n ) J 
We prove an index formula for vector fields in the case q = n — 1 : 

Theorem 1.4. Let X be a good vector field and V a curve. Then 

mdv,o(X) = dim c "go- 
Now let 

(V^, 0) := ({/» = • • • = ff = 0}, 0) C (R n , 0) 

defined by real analytic function germs. If / denotes the complexification of ,/* we 
assume that / defines an ICIS of dimension n — q. Furthermore let the real analytic 
vector field X 11 be tangent to (Vk.,0) with an algebraic isolated zero on (V^O). 
One defines the real GSV index of X^- similarly to the complex index, see jASV , 
and denotes this index by indyE i0 (X IR ) if n — q is odd and by ind^ K oiX^) if n — q 
is even. Due to topological reasons one can only define an (mod 2)-index if n — q is 
even. The definition of X^- to be good is as in the complex case using real analytic 
deformations. 

We prove for the case q = n — 1 the following formula generalizing the Eisenbud- 
Levine theorem: 

Theorem 1.5. Let V 11 be a curve, X 11 a good vector field and I : — ► B, a linear 
form with l{c\) > 0. Then 

indvK )0 (^ IR ) = signature <, >; . 
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Here is defined as in the complex case using 4i",o instead of <^c™,o> ci is the 
coefficient of t in the formal power series expansion of det(l + tDX^-)/ det(l + tC), 
where DX^ is the Jacobian of X^, and <, >z is the induced bilinear form defined 
as in the classical case. C is defined by the tangency condition X 11 / 11 = C/ . 

2. Residues of holomorphic vector fields 

To prove our main theorems we need a few results on residues of holomorphic 
vector fields that we want to collect in this section. 

Let g: (C™, 0) — > (C™,0) be a holomorphic map germ with isolated zero. Then 
the residue res^„ (h) of any h £ f^c.o wl "t- 9 is defined as 

g , M _ 1 /" Mgi A ■ ■ ■ A dz n 
res c „ (ftJ :— — — I , 

where T is the real n-cycle T := {\gi\ = Ci,i = 1, . . . ,n} for e, € R>o small enough 
with orientation given by d(argpi) A • • • A d(arg<7„) > 0. Sometimes we denote this 
residue also by 

h 

_9i ■ ■ ■ 9n 

If we denote by J g the Jacobian determinant of g one has the following classical 
result: 

Theorem 2.1 ( AGVt IHH] ). (i) rcs^„ : Q g — > C defines a linear form. 

(ii) The induced bilinear form <, > rC s^„ * s non- degenerate. 

(iii) indc",o(flO = dim c Q s = res^„ i0 (J 9 ). 

If we consider linear forms ^ : Q — > F on commutative F-algebras for an arbitrary 
field in this article, the induced bilinear form <, >j on Q is always the bilinear 
form defined by < h\,h,2 >/:= l(h% ■ /12). The second statement in the theorem is 
usually called "Local (Grothendieck-)Duality" and it states that Q g is a Gorenstein 
algebra. This means that the annihilator of the maximal ideal, the socle, of Q g is 
one-dimensional and it is well known that it is generated by the class of J g . One 
immediately concludes that for any linear form I: Q g — > C with l(J g ) 7^ the 
induced pairing <, >/ is non-degenerate. 

As in the second part of the introduction let (V,0) := ({fi = ■■■ = f q = 
0},0) C (C n ,0) be an isolated singularity of a complete intersection (ICIS) and 
X := Y17=i ^i-jf- be the germ of a holomorphic vector field on (C n ,0) tangent to 
V, say Xf = C f with an isolated zero on V. Further let 

E := {/ x = -.. = /, = 0, = e lt ... , \X n _ q \ = e n _J 

be a small real (n — q)-cycle with orientation determined by 

d(argXi) A ■ ■ • A d(argX„_ g ) > 0. 

Then we define the relative residue of any h £ <^c™,o wrt. X to be 

x ,1 \ 1 f hdzi A • • • A dz n - Q 



res vo (h) 



(2m) n -i 7 S X x -...-X n 
The absolute residue of h wrt. X is defined as 

h 



res „ Jh) := res C ",o 



Xl ■ ■ ■ X n - q fl . . . f q 



Now let c„_ g be the coefficient of t n ~ q in the formal power series expansion of 
det(l +tDX)/ det(l + tC), where DX is the Jacobian of X. We have the following 
theorem proven in 
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Theorem 2.2 (Lchmann, Soares, Suwa). 

ind Vfl (X) = resy (c„_ 9 ) 

The author has proven in [Klj that one always has reSy Q (h) = res^„ (hDF), 
where we have set 



DF := det 



d(fi,...,f q ) 



v &(Zn— q+1 ) • ■ • i Zn) , 

This means that we also have indV^X) = res^„ (c n - q DF), which is one of the 
main tools in the proof of our main theorems. 

3. Vector fields tangent to smooth varieties 

To prove our main theorems we first prove them for the smooth situation, what 
is done in this section, and use good deformations to generalize to the singular case. 
We also look at the socle of ^b- We use the notations as introduced in the first and 
second section. 

3.1. The complex situation. Let 1 < i\ < ■ ■ ■ < i q < n be fixed and 1 < ji < 
• • • < jn-q < n the complement of ii, . . . , i q in {1, . . . , n}. Furthermore we set 



DI := det 



d(fi,...,f q ) 



s &{ z il j ■ ■ ■ i z i q ) 

and let oi be the permutation defined by 

/ 1 ... 71 — q n — q+1 ... n 

07 := . 

\Jl ■ ■■ Jn-q H ■■■ Iq 

where / is the multiindex I ;= . . , ,i q ). We also set 

■ ■ ■ ,fq,Xj 1 , . . . ,Xj n _ q ) 

and if DI{0) ^ 

sign 07 ( d(X h ,. . . , Xj ,fi, . . . , f q ) 
DI \ d(z 1 ,...,z n ) 

Lemma 3.1. LetDI(Q)^0. Then 

md v . (X) = dimc^Q. 

Proof. By the implicit mapping theorem it is not hard to show, that X\y corre- 
sponds to the vector field 

d , d 



Y := X n o 4,— + ■■■+ X Jn _ q o V- 

dyi dy n - q 

on (<D n_9 , 0), where ip : (€ n ~ q , 0) — > (V, 0) is a biholomorphic map as in the implicit 
mapping theorem. From 



(X jl0 ^.,.,X jn _ q o^) 

the claim follows. □ 

Lemma 3.2. Let DI(Q) ^ 0. Then we have for any h S ^c",o 

x 1 1 t-> n\ • hDI 
Tes Cn0 (hDF) = signer/ res c ™ i0 v X f f 

jl ' ' " jn — q J 1 ' " ' J <?. 
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Proof. By the transformation formula for residues, see |GH| . we have to show that 
there is a matrix A with 

(Xl, . . . , X n - q , ft,..., f g ) = A(X n , . .. , Xj n _ q ,fl, . .. , f q Y 

and det A = sign ajDF/DI. From Xf = Cf we get 



(1) 



' M Cf ( d(j llllll f s y \- 1 d(h,...,f q ) 1 x " 

\d(zi 1 ,...,z ill )J d(z h ,...,z jri _ q 



y I ! ■ °]n-q) ■ y 



Now let i\, . . . , ije € {1, . . . , n — q} and ik+\, ■ ■ ■ , i q € {n — q + 1, . . . , n}. Then 
it follows that ji, . . . ,j n -g-k € {1, . . . ,n - q} and j„_ 9 __ fc+ i, . . . ,j n _ g G {n - g + 
1, ...,n}. For fc = the claim follows immediately. With equation 2] we obtain a 
matrix B with 

(X n , ■ ■ ■ ,X Jn _ q + k ,X n , . . . ,Xi k ,ft, ■ ■ ■ ,fg) = B(X n , . . . ,Xj n _ q ,fl, . . . ,fg). 

If a' G S n - q is the permutation with 

1 ... n — q + k n — q + k + 1 ... n — q 

jl • • ■ jn-q-k h ■ ■ ■ h 

we have det A = sign cr'det£>. Then det B is the determinant of the upper right 
(k x /c)-block of the matrix 

d(fl,...,fg) A"' •••'/«) 



^d{z n ,...,z iq )J d{z h ,...,z jn _ q )' 
If d; jm is the determinant of the matrix obtained by replacing the l-th column of 

■■-,/,) 

9{Zi 1 , ■ ■ ■ , Zi q ) 

by the ra-th column of 

d(fl,...,fg) 



d(zj 1 , . . . , Zj n qJ 

and if 



, , / t \m—n—q—k4-l,...,n—q 

D := Km)i=i,„. j 



we have to show 



detD = (D/)^ 1 det 



d(fi,...,fg) 



^( Z j n - q -k+l i • ■ ■ i Z 3n-q> Z ik+l i ■ ■ ■ i z i q 



This can be done by induction over /c where k = 1 is obviously. The conclusion is 
straightforward and we do not want to write it down here. □ 

Lemma 3.3. IfV is smooth, then 

wdv,a(X) = dimc^o- 
Proof. Let DI(0) ^ 0. By Lemma fc.ll we have 

indy, PO = dimc^o- 
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If we map a class [h] <G % to the class [h]' of h in 3$\ we obtain an isomorphism of 
C-algebras, since by Lemma EP1 and Local Duality the following holds. 



[h] = in % 

>hDFe0 cnfi (h,...J q ,x u ... 

> resg„ fi (ghDF) = for all g e 
ghDI 



X n - q ) 



res c ™,o 



X 3l ■ ■ ■ Xj n _ q fl ■ ■ ■ fq 



>hDl€0 C n, o (X jl ,...X jn _ i J 1 , 
>[h]' = 



c n ,o 

= for all g £ ^fo»,o 
...,/,) 



□ 



Lemma 3.4. Let DI(0) 0. Then in the equation c n ~ q = 7/ holds. 
Proof. By the transformation formula for residues and Lemma 13. II we have 

res^ i0 (£>f7/) =ind v ,o(X) 

and further for h G m^ c „ 



res* nfi (DFjih) = res c ™,o 



hdet ( 
X 



9(zi,...,z„) 



X 



/l • • • /« 



= 



and therefore DF'yi generates the one-dimensional socle of 3$q. By the remarks of 
the introduction we have 



ies* n0 (DFc n - q ) = md v ,o(X), 

and therefore DFc n ^ q ^ in Since V is smooth there is a small deformation 
X t of X tangent to V, so that X t has only simple zeros pi for sufficiently small t on 
V in a small neighbourhood of the origin. We can also assume that for these zeros 
DI{pi) 7^ holds. For h € m^ c „ we have 



Tes Cn0 (DFcn- q h) = res C ",o 



signai Die 

Xj! ■■■Xj n _ q fl . ../, 



lim indv iPi (X t ) 



= 0. 

This follows from the continouos principle for residues, from the fact that the alge- 
bras 



{Xt,j 1 , ■ ■ ■ , X t ,j„_ , fi 



>/«) 



are one-dimensional and signer/ DIc n - q (t) is a unit in these algebras by the trans- 
formation formula. Therefore c n - q DF generates the one dimensional socle of 3§q 
too and since we have 

res£„ fi (DFc n ^ q ) = res^^DFjj) 
it follows DF(c„- q — 7/) = in 38$ and therefore c n - q = 7/ in ^q. □ 
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3.2. The real analytic situation. 

Lemma 3.5. Let (V^, 0) be smooth and I : ^J 8, — > E, a linear form with l(c n - q ) > 0. 
TVien we have indvn- ,o(X^) = signature <, 

Proof. Let -D/(0) 7^ 0. With the implicit mapping theorem it is not hard to show 
that the vector field X^lyR corresponds to 



1 



where tp: (K™ q ,0) — > (V^O) is a diffeomorphism with ipj k (y) = f° r ^ 
1, . . . , n — q. By the chain rule one has 

9(yi,---,y n -q) \d(xi 17 . . . y . . . ,xj„_j 

Applying the chain rule again we get 
d(Y lt ...,Y n - q ) d(X%,...,XZ_ q ) 




d{yi,. 



A well known Lemma from linear algebra states 



d(f?,...,ff) 
d(xj 1 , . . . , 



O 1p. 



det ^ = det A ■ det(D - CA~ X B), 

where A and D are squared and A is invertible. The application of this Lemma 
shows that the determinant of the Jacobian of Y is given by 77-0?/;. By the Eisenbud- 
Levine Theorem it follows that for any linear form 

©k™-«,o m 

^ : TV v — 

(Yl, . . . , Y n -q) 

with ifljjoijj) > the statement hxdys. q(X) — signature <, > tp holds. The isomor- 
phism of algebras given by tp shows that we have for any linear form <I> : — ► E, 
with $(77) > the formula indyR ,q(X) = signature <, >$ and this is also true in 
, because the isomorphism of algebras in Lemma 13.31 also gives an isomorphism 
of the corresponding real algebras. On the other hand one has in ^0 the equation 
Cn-q = 7/ and this equation also holds in c €^. Therefore the statement follows. □ 

4. AN ALGEBRAIC FORMULA FOR THE COMPLEX INDEX 

4.1. Good vector fields. First we want to prove a sufficient criterion for good 
vector fields. 

Proposition 4.1 ((Sufficient criterion for good vector fields)). Let all coefficients 
of the matrix C be contained in the ideal generated by the maximal minors of the 
Jacobian of f in ^c n ,o- Then X is a good vector field. 

Proof. We prove a bit more: There is a deformation X t of X so that X t (f — t) — 

C(f-t) holds. For (i u ...,i q ) G {l,...,n} 9 and i./i j g 1? G {1, . . • , n}"" 1 

define 

/<!,..* - ( U ) and /* , : det f 9 &> ' ••./*. — /«A 



d(zi l: . . . , Zi q ) J \ d(zj 1 , . . . , Zj q _ 1 ) 
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C U,...,i 3 /u.-">V 

(i 1 ,...,i q )£{l,...,n}i 

5i k ' 3 , ti t :=8i. 



If C = (cj, m ) let 
We set for k = 1, . . . , q — 1 

3li-,Jj-l Jlj-->Jfc-i>' t >Jfc+lf">3«-l ».Jli---J9-i 

and further 

; = ~ E E C il,...,i,*m- 

m=l .,t 9 )e{l,...,n}« 

We define the deformation by 

**.«:=*, + £ E ^...^(-^^....A-x- 

j'=i (j'i,...,j«-i)e{i,... 

Then we have 



5/i 

^t,j — 



E dz-^ 1 ' 1 ~ ^ Cl ' m ^ m + E ^n,...,i q fn,---i q 

i=l 1 m=l (h, ...,»„)£{!, 



m— 1 



□ 



In the case of a hypersurface this means if c is contained in the ideal generated 
by the partials of / the vector field is good. If 

df df 
c = ai- 1 h a n - — 

ozi oz n 

the deformation is simply defined as Xt i ■= Xi — ta>i. We have 

dl 

dzi 



X t {f-t) = cf-jrta i ^-=c{f-t). 



4.2. The socle of %. 

Lemma 4.2. resy (-) defines a linear form on so that 

resy (hg) = for all h S ^c»,o 5 = in % 

holds. 

Proof. We have reSy (h) — res^„ (hDF) and this means that the residue resy (-) 
vanishes on ann® (DF). Furthermore reSy (ft.g) = for all h £ ^c n ,o implies 
Q (hgDF) — for all ft, € ^c n ,o- Now Local Duality gives 

ff DFe^«,o(^ ) ... ) V 9 ,/i,-. 1 / ? ) 

and therefore g € ann& (-D-F) . □ 

Proposition 4.3. The socle of^o is generated by the class of c n — q . 

Proof. Lemma |4.2I states that resy (-) induces a non-degenerate bilinear form on 
which means that has an one-dimensional socle if is not trivial. On the 
other hand we have for any h € rrt^ c „ 

resy (hc n - q ) = lim J~] hfa) mdy ttPi (X t ) = 0, 

i 

which means that c n - q generates the socle. □ 
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4.3. Proof of Theorem 11.41 For a good vector field indy i o(X) is the sum of 
Poincare-Hopf indices of X t on a smooth fibre Vt of /, where one sums over all 
zeros of X t which tend to zero. This follows directly from the definition of the 
index. 

If q = n — 1 we denote by m, the minor of the Jacobian matrix of / obtained 
by cancelling the i-th column. We have DF = mi of course. Recall that we 
always assume the coordinates to be chosen so that (/i, . . . , / n -i, Xi) is a regular 
^c™,o-sequence. For simplicity we also may assume that rrii(O) = for i — 1, . . . , n. 

Lemma 4.4. Let q = n — 1. Then 

(1) (/i, . . . , fn—i, F)F) is a regular €?c™,o -sequence. 

(ii) The dimension of does not depend on the choice of coordinates, provided 
that the ^c n ,o- sequence {f\, . . . , f n —i, X\) is regular in each system of coordinates. 
(Hi) After linear changes of coordinates in C™ and (D" -1 one can assume that 
(/i, . . . , f n -2, DF, m^) is a regular ,o _ sequence. 

Proof, (i) All computations are done in the ring ffy,o = ^c™,o/(/i, ■ • • , fn-i)- We 
have to show that DF is not a zero divisor in this ring. Applying Cramer's rule to 
the equation X f — C f we obtain the equations 

(2) {-ifrmXx = -DFX, 

for i = 1, . . . , n. Now let gDF = in ffvfi- Multiplication with Xj, equation [5] and 
using that X\ is not a zero divisor in gives grrii — for all i = 1, . . . , n. The 
ring obtained by dividing ffv.o by all mi is artinian and therefore there must be 
complex numbers ct\, . . . ,a n so that h := aiffij + • • • + a n m n is not a zero divisor 
in €?V,o- On the other hand we have gh — in ^V,o an d therefore g = in ^v,o- 
(ii) Let 0: (C™, 0) -> (C™, 0), = z, be biholomorphic and ^ := <£ _1 . We denote 
by Y the vector field computed in y-coordinates and by DF y the minor computed 
in y-coordinates. Standard computations give 

_ djipx,... ,ip n ) 

■ a(zi,...,z n ) 

\Y n oipJ \X n/ 
and 

£>F» o ^ = ^(-l) J+1 (det o ^ §^mj. 

Set & Q := 0fc»,o/(/i, ■ • • , /n-i,*l ° VO and fcg := ann^Di™ o ^). We con- 
struct an cpimorphism — * ^q. For any g € <^c'\o we also denote by g the 
classes of g in these algebras and define <p(g) := 5. Again all computations are 
done in the ring ^y;o- We want to show that ip is well defined. Let gDF = aX\. 
Multiplication with to,, usage of equation [3 and usage of the fact that DF is not a 
zero divisor in &v,o we obtain jm, = (— l)' +1 aXi for i = 1, . . . , n. Then for each i 
we get 



gDF y o ip = (dot Dcj>) o ^ ^(-l^lf^mi 

i=l dZi 

= (detL>0)o^ VaJQ^ 
i—i 

— a(det D(f>) o ?/> Yj o 

This shows that </? is well defined. The surjectivity is obvious and the other direction 
analogous. Therefore dim© does not depend on the choice of coordinates in (D n . 
If one considers changes of coordinates in the image space C" _1 the invariance of 
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dime % is obvious. 

(iii) After a general linear change of coordinates in <L™ _1 , see [Q, one can assume 
that (/i, . . . , f n -i) defines an icis and the 1-form df n -\ has an isolated zero on this 
icis. Now Lemma 3.4 in |K1| shows that after a linear change of coordinates in C™ 
(/l, • • • , fn-2, DF, m 2 ) is a regular ^ c » )0 -sequence. □ 

Proof of Theorem \1.4\ Let q = n — 1 and consider good deformations X t of X: For 
small neighbourhoods U resp. T of the origins in C n resp. C n_1 consider Z C U x T 
defined by 

Z '■= {ft.i = ■ ■ ■ = ft, n -i = X t ,i = 0}, 
where we have set f t .i := fi — U. Let it: Z — > T be the finite projection. We define 

^*,p == 77 ff T ,P y v ^ := ^ : = U 

U t ,l,...,/ t ,„_l,A t4 ) peff -i( t ) tGT 

38 has the natural structure of a holomorphic vector bundle over T which is induced 
by the locally free sheaf 7T* &z ■ Similarly we define 

^t,p : = '! nr , , : = £fi ^t,pj ^ := \ \%- 

axma St (DF) w 

We want to show that ^ has the natural structure of a holomorphic vector bundle 
of rank indy^^O over T . 

By Lemma 14.41 (ii) we may assume that the coordinates are chosen as in Lemma 
14.41 (iii). Via 7r we view &z,o/{DF) as finitely generated <^T,o-module and claim 
that 

A ^ ffz -° 1 

depth ^.o7jaF) 

For k = 1, . . . , n — 1 let 

^z,o 



ifeff = in 



{DF,t 1 ,...,t k - 1 )' 
This means that there are representatives with 

G a n -i o 



t k g = aX t<1 in 



(/t,l> ■ ■ ■ 7 /t,n-l)*l) ■ ■ ■ 7 tk-\>DF) 
Applying Cramer's rule to the tangency equation X/ = C f we obtain 

<7(;2n-l o 

ifc<?m 2 = in — — ! — . 

Ut,l, ■ ■ ■ , Jt,n-1, tl, ■ • ■ , t k -l,L>±< ) 

By Lemma 14.41 (i) and the choice of coordinates i& and m,2 are no zero divisors in 
the last algebra since (ft,i, ■ ■ ■ , ft,n-l,ti, . ■ ■ ,i n -2, DF,iri2) is a regular G^n-i - 
sequence. This shows the claim. 

Now the Syzygy Theorem and the Auslander-Buchsbaum formula show that 
&z,o/(DF) is a free ^V.o-module. We have an exact sequence of ^^Q-modules 

amiff Zi0 {DF) Z '° (DF) 
The Depth Lemma, see |.1PI 6.5.18], shows that 

depth^ o TTTEa =n-l, 

T '° ann^ z (DF) 

which means by the Syzygy Theorem and the Auslander-Buchsbaum formula again 
that the (^r.o-module &z,o/ &lm ffz,o(DF) is free. We have seen that the coherent 
^r-module 

& ~ tt^Gz/ mmff z (DF) 
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is free for T chosen small enough. By |Uj this is equivalent to the statement that 
the function v : T — > IN defined by 

v(t) := dini c & t ®e T t C 

is constant. Now from the exact sequence 

-» & t -» (n^ z ) t -» (ir*0z/(DF))t -> 

we obtain by tensoring with C the last part of the long exact sequence of torsion 

-» ft ®ff Tit C^^t^ &t/{DF) -» 0, 

where we have used that (tt^^z /(DF)) t is a free i^V.t-module which is equivalent, 
see to the statement that 

Torf T ' t ((vr^ z /pF)) t ,C) = 0. 

Since we also have an exact sequence 

-» Sf t -> -» SBt/iDF) -» 

this means that z/(t) = dime for all t £ T. By Lemma HDSI i/ft) equals for regular 
f the sum of Poincare-Hopf indices of X t on the i-fibre of / for t ^ which is equal 
to indy.o(^0 an d therefore dime % = indy.o(X). The map -Df : 33 ^ 33 between 
vector bundles has constant rank and provides "if with the natural structure of a 
holomorphic vector bundle. □ 

4.4. Examples and Remarks. We want to give a few examples of good vector 
fields on curves. We can always take the exterior pruduct of the rows of the Jaco- 
bian matrix of /. In this way one obtains a vector field with isolated zero on the 
singularity, where the matrix C is trivial and the index equals zero. 

An example of a family of non-trivial good vector fields on a plane curve is the 
following: 

D k : f = x 2 y + y k -\ k>4 



and 



X=(k- 2)x m+1 ^- + 2x m y-^-, m > 3 
ox ay 



with c = 2{k — l)x m . We have an exact sequence 
-> a,nnsg (DF) -> 33 -=^> 33 



u (DF) 
and therefore 

dim c ann^ (D-F) = dim c ° . 

It is easy to compute that dime 33q/(DF) = 2(fc — 1) and dime &o = (fc — l)(m + l) 
holds and therefore indy,o(^0 = (ft — l)(m — 1). 

An example of a family of good vector fields on a space curve is 

fx ■= x 2 +y 2 + z 2 , f 2 := xy 

with 

Here we have 

'2z l {x-y) 



C 



2z\x-y) 
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In this case (fi, f2, X$) is a regular sequence and we have to permute the coor- 
dinates. This means that the index is given by the dimension of the factor space 
obtained from factoring the algebra <?c 3 o/(fi, X3) by the annihilator of 

det ' w 



In this case we get a non trivial index, which one may to compute with computer 
algeba programs such as Singular GPS . Note that dimc^o is always equal to 
dime 3§o — dime 3§o/(DF). The last two dimensions are easily to compute with 
computer algebra. 

We now want to explain why Theorem 11.41 is false in the general case of an 
complete intersection. Consider the case n — 3 and q = 1 and set fa :— df/dzt 
for i = 1,2,3. We use the notations as in the proof of Theorem 11.41 i.e. ffzfi '■= 
&4,o/(f—t, Xt,\,Xt^) and (/, X\, X%) is a regular sequence in ^3,0, and consider the 
coherent ^-module r K*@z/{f3) where T is a small neighbourhood of in C. After 
shrinking T we can assume that this sheaf is locally free over all t 7^ 0. Obviously t 
is not a zero divisor in J^o and therefore we have a law of conservation of numbers 
as in the proof of 1 1.41 and we get 

indy j0 (^) = dim c J^o ®e Ti0 C. 
We further have the exact sequence 

-> Torf T '°(7r*^,o/(/ 3 ), C) JT ®ff T , a C -» ^ #o/(/a) - 
and this means 

indv.oPO = dime % + dim c Torf T ' (7r*^ z ,o/(/a), C). 

We now show that dime Tor 1 T '° (k*&z$I C) > if the hypersurface is not 
smooth which is equivalent to the statement that t is a zero divisor in &z,o/{H)- 
Set (^4,0 := C{zi, z 2 , z 3 ,t}. The functions (/ — t, /1, /2, j^) define an isolated zero 
in (C 4 , 0) and therefore these define a regular ^4 )0 -sequence. We have 

hx tA + f 2 x tt2 = 

in the ring ^4,o/(/ — / 3 )- It follows that there are 71,72 € ^4,0 such that = 
71/2 and X t ,2 = 72/1 in ^4,o/(/ — £>/a) holds. Inserting this in the tangency 
equation shows that there is a 7 € <??4 ; o so that JT ti i = 7/2 and X ti 2 = —7/1 in 
^4,o/(/ — *j fs) holds. On the other hand 0z,o/(f3>t) is artianian and therefore 
(/ — t, 7, /3, t) is a weak regular ^4^-sequence. This means that we have an exact 
sequence 

„ ^4,0 -7 ^4,0 ^4,0 „ 

{f~t,h,h,h) ~" (/-t,7/i,7/ 2 ,/ 3 ) ~* (/-t,7,/ 3 ) ~* 

with 

^4,0 ^0 
(/-t,7/i,7/ 2 ,/ 3 ) ~ (/a)' 
The sequence shows that depth^ ^2,o/(/3) = 0: If 7(0) 7^ this is obviously. If 
7(0) =0 we can apply the Depth Lemma using 

A fl, ^4.0 . 

dePth ^(/-t,/l,/2,/ 3 ) =0 



and 

depth € 



(/-*,% /a) 



REAL AND COMPLEX INDICES OF VECTOR FIELDS ON CURVES 



13 



5. A SIGNATURE FORMULA FOR THE REAL INDEX 

Now let 

(V* 0) := ({/* = .-. = ff = 0}, 0) c (17\ 0) 

be a geometric complete intersection of dimension n—q, denote by V and / the com- 
plexifications and assume that / defines an ICIS. Furthermore let the real analytic 
vector field X R be tangent to (Via, 0) with an algebraic isolated zero on (V*, 0). As 
before T is a small neighbourhood of the origin in <D 9 and let 7* be the correspond- 
ing subset in R 9 . We also assume that X R is good in the real analytic sense. We 
keep the notations of the previous section for all complexifications and denote for 
real t the real algebra corresponding to % tP by ff^,, if X r \ v m(p) = and p £ K™ 
holds. 

5.1. Proof of Theorem 11.51 First we prove a law of conservation of numbers for 
the signature. Theorem 11.51 follows as a corollary then. We also remark that the 
sufficient criterion for good vector fields also holds in the real analytic case. The 
proof is word for word as in the complex case. 

Proposition 5.1. Let q = n — 1, X 11 be a good vector field and I: —> E, a 
linear form with l(c\) > and for any regular value t £ 7* of and any p with 
|y«(p) = let l ttP : ff^p -^Eteu linear form with h,p(ct,p,i) > 0. Then 

signature <, >;= signature <, >i t p , 

{X?\ v p(p)=0} 

where the sum goes over the zeros tending to zero. 

Proof. We consider the vector bundle ^ over T defined in the proof of 11.41 and 
denote the map given by complex conjugation by r. For any t £ 7* we consider 
the set of invariant multigerms h £ c <a t - These are the multigerms with r o h = ho r. 
We denote this set by < ^ t IR . We have 

(3) c €f = {(B k D k ) © (©,£,) , 

where each component Dk corresponds to an algebra ^f^ Vk for a real zero pk of X\v 
and where each component 

Ei = (%, qi © ^qr) 11 

corresponds to a pair of complex conjugated zeros and (^t, g , © ^t^)^ is the subset 
of invariant elements of (^*, gi © ^t,qr)- It consists of elements of the form 

h = aiz 1 + ajz 1 . 

Here qi resp. qf are not real of course. If /k is the real dimension of then n is given 
by dimc^o- The set :— Ut^x^t 1 ^ s I° r T chosen small enough the natural 
structure of a real analytic vector bundle of rank /i over T*. We can continue I 
real analytically to a family l t and obtain a real analytic family of non-degenerate 
bilinear forms <, >i t . Equation [3] gives an orthogonal decomposition. By dividing 
the algebra Ei by its maximal ideal one obtains C and therefore Ei contributes 
nothing to the signature, see |EL| . Therefore the signature of <, >; ( is the sum of 
signatures of <, >i ttP that are defined as the restrictions to the components Dk- On 
the other hand we have Zt,p(ct,p,i) > and therefore the claim follows by continuity 
of signatures and by the theorem of Eisenbud and Levine if we choose a fixed regular 
value t £ 2* of /. □ 
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Proof of Theorem \1.5l For a good vector field the index counts the sum of indices 
of a good deformation of the vector field on a regular fibre in a neighbourhood of 
the origin by the properties of the real index given in Theorem 2.10 in |XSV) . Now 
the claim follows from Lemma 13.51 and Proposition 15. II □ 

We want to consider an example. Let f^(x, y) := x 2 — y 2 and A 11 := x 2 d/dx + 
xyd/dy. A good deformation is given by 

X? <>£ + ^|; 

with ct — c — 2x. Set F t := n Bg where Bs is a small ball around the origin 
in R. F t consists of two branches of a hyperbola and we have x{Ft) = 2. If / is a 
linear form as in Theorem 11.51 we obtain as easily to see signature <,>; = 0. Let 
t = 1, B s := {x 2 + y 2 = 3} and F := Fx. A R deforms to 

then. The boundary points of F are Pi = (%/2, 1), P 2 = (V2, -1), P 3 = {-y/2,-1) 
and P4 = (— V2, 1)- At the points P\ und Pi the vector field X R points outwards 
but inwards at the points P3 and P\. From the symmetry of the problem (only 
the directions of A 11 are not symmetric) we find that the sum of the indices of 
A 11 vanishes on F and this is what Theorem 11.51 savs . This can also be computed 
cxplicitely: The zeros of A 11 on F are (—1, 0) und (1, 0). We can parametrize both 
branches via f±(s) := (±yl + ?, s) and write A 18, in the coordinate given by s. 
One immediately sees that the index in (—1, 0) has the value —1 and the value 1 in 
(1,0). 

If we want to count the Euler characteristic of F t we have to choose a good vector 
field whose deformation points outwards at all boundary points. This means that 
we have to choose a good vector field which points outwards at all boundary points 
of the intersection of the singular fibre with a small closed ball around the origin. 

5.2. Relations to results of Gomez-Mont and Mardesic. Gomez-Mont and 
Mardesic have proven similar signature formulas in the articles |GM1| and [GM2 . 
These formulas hold for vector fields on isolated hypersurface singularities which 
have not only an isolated zero on the variety but also in the ambient space. We 
want to compare these formulas with our formula for vector fields on plane curves. 
Let A be a real analytic vector field in (K™,0) with an isolated zero and (V,0) := 
({/ = 0},0) C (K™,0) an odd-dimensional hypersurface with algebraic isolated 
singularity. Further let A be tangent to V, i.e. Xf = cf . We omit the upper R to 
indicate that we are working in the real analytic category. Define 

A : = ; and B - 4l "'° 



(/l,---/n) (Ai,...,A„) 

Here the fi are the partials of /. Let Hf be the Hessian determinant of /. det DX 
and Hf generate the socles of B resp. A. Now we have well determined classes 



c 



aniiA(c)' c anmg(c) 



defined in the obvious way, which generate the socles of these algebras. Let 

A 



E, h ■ -> E 



ann^ (c) ann^ (c) 

be linear forms with h{Hf l ) > and l 2 (detDX Icl ) > 0. We have 
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Theorem 5.2 (Gomez-Mont, Mardesic). 

indy,oPO = signature <. >; 2 —signature <, >; 1 . 

To compare this result with our theorem we additionally assume n = 2, the 
$2,0 : = B{x, y}-sequence (f,X\) to be regular and the vector field to be good. We 
first give an explicit construction of all vector fields fulfilling both conditions: De- 
note by X t the good deformation. We also set #3,0 := M.{x, y, t}, S'vfl '■= ^3,o/(/ — *)• 
The tangency condition gives 

X tA fi + X t>2 f 2 = in «?v,o. 

Since (fi, f 2 ) is a regular ^y^-sequence, it follows immediately that there are 
7, Si,S 2 £ ^3,0 so that 

X t = (7/2 + 5\(f ~t))^ + (-7/1 + S 2 (f - t))^. 
Setting f = we obtain that there are S%, S 2 , 7 S (£2,0 so that 

X = (7/2 + <*!/))— + (-7/1 + fc/)^-. 

We have c = + 5 2 f 2 and this means signature <, >i 1 = 0. We now claim that 
ann B (c) = B(7, /). Using 

cf = fiXt + f 2 X 2 
C7 = S 2 Xi — 8\X 2 

we obtain B(7, /) C amiB(c). Now let eg = a\X\ + a 2 X 2 . Multiplication with / 
gives 

{jig - axf)Xi + (f 2 g - a 2 f)X 2 = 0. 

Since (Xi,X 2 ) is a regular <? 2 ,o-sequence there must be an h £ § 2 $ with f 2 g — a 2 f = 
hX\. Since (/, X\) is a regular (02,0-sequence this also holds for /, f 2 . Therefore we 
have g = hj in <o2,o/(/) ; which shows the claim. SS^d) = ann S R(/ 2 ) is obviously. 
We have obtained 

cg& _ B = ^2,0 
ann B (c) (7,/)' 

To prove that Theorem 1 1 . 51 and Theorem 15 . 21 produce the same values one has to 
check, that there is a positive real number r so that rcci = det DX in B. We have 

2 _„,„ f) 



c ■ c\ — c trace DX — c = c det 



d(x,y) 



in B. We verify the existence of such an r in an example: 

Set / := x 2 + y k+ \ 7 := y, 61 := -{k + 1), S 2 := y l . We have X t = -(k + l)x 2 
andX 2 = -2xy + x 2 y l +y l+k+1 . One computes det DX = -2(k+l)(l + k+l)xy l+k 
and cdet §j^y = —2(k + l)xy l+k in B. Here we have r = I + k + 1. 
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